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Abstract

A general scheme for analysing reductions of dispersionless integrable
hierarchies is presented. It is based on a method for determining the S-function
by means of a system of first-order differential equations. Compatibility
systems of nonlinear partial differential equations of Bourlet type characterizing
both reductions and hodograph solutions of the dKP hierarchy are obtained.
Wide classes of illustrative explicit examples are exhibited.

PACS numbers: 02.30.—f, 02.30.Jr, 02.40.—k
Mathematics Subject Classification: 58B20

1. Introduction

One of the most important problems in the theory of integrable hierarchies of nonlinear
evolution equations is the analysis of their reductions. Over the last decade this subject has
registered particularly increasing activity in connection with the hierarchies of dispersionless
integrable systems. These systems have important applications to several fields such as, for
instance, the dispersionless limit of solutions of integrable models on the zero-phase domains
[1, 2], the classification problem of topological field theory [3-5], the study of systems of
hydrodynamic type [6] or the theory of conformal maps [7-9]. Several strategies have been
proposed to deal with the solutions of dispersionless hierarchies. The use of reductions in this
context is a relevant step within the hodograph method of solution [6, 10, 11], which can be

conveniently illustrated when applied to the dispersionless KP (dKP) hierarchy [10-13]

0z

il (AR B A S CONMN S § )
Here z = z(p, t) is a function depending on a complex variable p and an infinite set of complex

time parameters t := (x := 1y, », . . .), that admits an expansion

Z:p+zan(t) p— o0 (2)
n=1

n
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{, -} is the Poisson bracket

oF, 0F: oF, dF
(Fi, o} = 2 - L2
dp ox dx dp

and 2, = ("), denotes the polynomial part of z” as a function of p
@+=p  @a=p+2a (@) =p +3pa+3a
(e = p*+4p2a +4par + 6a12 +4as.

For n = 2, (1) leads to the Benney moment equations [13, 14]

day, day, 9
Gnot 002 0, S 0 = —2 3)
at ax ax
and the compatibility equations for (1)
S O (@ 20 =0 # “)
- my Nepf = m n
at, oty

form a hierarchy of nonlinear partial differential equations. For instance, by setting
m = 3, n = 2 we get the dKP equation (Zabolotskaya—Khokhlov equation)

(uy +3uuy), = %uyy u:=—a, t:=1 y:i==bh 5)
and form = 4, n = 2 one gets

vV, = %uy (%vy + uux)y = (%u, +3uuy, + 2vux)x (6)
with v := —ap, t := 14 and u and y are as in (5).

There are several well-known examples of explicit reductions of the dKP hierarchy in
which z = z(p, t) depends on ¢ through only finitely many functions [3]. A scheme to deal
with general reductions, without requiring knowledge of the explicit form of z = z(p, t),
is given by Kodama and Gibbons in [10, 11, 6]. They define an N-reduction of the dKP
hierarchy as a function z = z(p, u) of the form (2), depending on ¢ through N functions

uw = (u(t),...,uy(t)) satisfying a compatible system of hydrodynamic-type (HT) equations
u _ A u | 7
E = n(’u)a n > @)
such that z = z(p, u(t)) solves (1). Here A, are N x N matrix functions depending on u
only. Furthermore, if A, has N different eigenvalues and u; ,,i = 1, ..., N, are independent,

the matrices A, are necessarily given by the functions 38?,” evaluated at p = A;/2. The

corresponding HT equations (7) turn out to be diagonalized by means of a set of Riemann
invariants provided by the turning points z; := z(p;(u), u) of the function z(p, u).

In [8, 9] Gibbons and Tsarev consider the N-reductions of the Benney moment
equations (3). They take the N first moments of z = z(p, w) as the functions u (u; :=
ai, i = 1,...,N), while the higher moments are assumed to be functions a, = a,(u),
n > N, of them. As a consequence (3) becomes an HT system for « (involving the function
ay+1(u)) and a over-determined system for the functions a,(u), n > N. The compatibility
conditions of the latter reduce to a system of N(N — 1)/2 second-order differential equations
for ay+1(w), the solutions of which determine diagonalizable HT systems for . Note that
these HT systems play the role of the n = 2 flows in (7) with a diagonalizable matrix A,. In
this sense the results of [8, 9] complement those of [6, 10, 11], so that the Gibbons—Tsarev
analysis applies to the general reduction problem of the dKP hierarchy.

The starting point of this work is the characterization of the reductions of the dKP hierarchy
in terms of systems of differential equations for p = p(z, u) of the form

W~ 1w
= —y i=1,...,N 8
ou; ZP_Pj(U) l ®)

j=1
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satisfying the following compatibility conditions:

Opk Pk Z Tjttik — Vil jk

Fik—— — Fjk—— =
ou du; Pk — Di

1k
ik rji _ ) Z rikrit — rik;’jl‘
(Px — p1)

©)

8Mj 8ui

1k
This class includes, in particular, the standard reductions associated with functional constraints
for z = z(p, w) such as

(1) Gel’fand-Dikii reductions
N = N oYy
(2) Zakharov reductions

M
i=p+y. il

- P

(3) Kodama reductions

1 v Um

N+l Foetuy+ oot e
P — (p —vo)

M= pVH g ph

The basic ingredient of our analysis is a method for characterizing the S-function for
the reductions (8) of the dKP hierarchy in terms of a system of differential equations. The
corresponding compatibility conditions together with (9) constitute a system of first-order
nonlinear differential equations of Bourlet type. It characterizes both the reductions and the
hodograph solutions of the dKP hierarchy.

2. Reductions of the dKP hierarchy

2.1. The S-function

From (4) it follows [13] that there exists a function S = S(z, t), such that
98(2)
oty

This function is a basic object of the dKP theory and it will henceforth be referred to as the
S-function. Without loss of generality it can be assumed that S has an expansion

St =Yy 3

n>1 n>1

=Q,(p,t) n>1. (10

7 — 00. Y

If S satisfies (10) and (11), then by setting n = 1 in (10) one finds p as a function p = p(z, t)
of the form

b (t) 35,
p=z+) " b = — (12)
n>l1

and it can be proved [13] that the inverted series determines a solution z = z(p, t) of the
dKP hierarchy. The conditions (10) which characterize an S-function constitute a system of
compatible Hamilton—Jacobi-type equations

aS aS
—=q,(—=.t n>2
ot, 0x
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which represents the semiclassical limit of the linear system for the wavefunction of the
standard KP hierarchy.

From (11) and (12) it is clear that a function S with an expansion of the form (11) satisfies
(10) if and only if the derivatives agl(:), considered as power series of p, have no terms with
negative powers of p. In other words, the conditions (10) are equivalent to

<85(Z)> -0 >l (13)
at, ) _

Henceforth we will use S as a function of either z or p and will denote by S(z) or S(p)
the corresponding functions (S(z,t) = S(p(z,t),t)). Furthermore, we will denote by

S(p) = Si(p) + S_(p) the decomposition of S(p) in terms of positive and negative powers of
p. Obviously, from (11) and (12) we deduce

Si(p) = ZQntn- (14)

n>1

Hence the conditions (13) for S can be rewritten in the following form
BN _
(p)a_p+3S (p) _0
ap oty oty

which will be useful in what follows.

n>1 (15)

2.2. N-reductions

We will consider N-reductions of the dKP hierarchy determined by systems of equations for
p = p(z, w) of the form

ap .
= R;(p,u) i=1,...,N (16)
8u,~
or, equivalently, in terms of z = z(p, u)
0 d
S YRGS =0  i=1,...,N. (17)
ou; ap

The following conditions for the functions R; will be assumed:

(i) The functions R; are rational functions of p which have singularities only at N simple
poles p; = p;(u), i =1,..., N, and vanish at p = oco. Therefore they can be expanded

as
)
Ri(p.u)=) ———. (18)
; p—pjuw)
(i) The functions R; satisfy the compatibility conditions for (17)
oR; OR; OR; OR; . .
- —L 4R, - R—L = i #j. (19)
ou; ou; ap ap

We are going to prove that under these assumptions the solutions z = z(p, uw) of (17) define
N-reductions of the dKP hierarchy. Our method consists in deriving hodograph relations
which determine a class of functions u = w(t) for which an S-function for z = z(p, u(t))
exists.

To this end let us consider the conditions (15) for S and assume that not only p(z, t) but
also S_(p) depends on ¢ through the functions u = w(t). In this way, (15) holds if

aS(p) op +357(p) —0
ap u; ou;
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or, equivalently, from the reduction condition (16)

N aS_
< (p) R+ (p)> _0 20)
ap ou; ) _
We will look for a S-function such that
S
(pi) =0. (21

ap
Let us denote by £ = E(p, u) any entire function in p satisfying
E(pi,u) = Fj(uw) i=1,...,N

where
aS-
Fi(u) = 8—(Pi)~ (22)
P
Then by decomposing
S aS_ A aS- aS_
—Ri+—= +E )R +|——E )R +
ap u; ap op Ui

and by taking into account that according to our hypothesis

(7)) -

we conclude that (20) is equivalent to the following system of differential equations for S_
aS_ _
(P) , g I5-)
ou; ap
We note that they imply

= (ERi)-. (23)

0S_
Res (R,-a—, pj) =Res((ER;)_, pj) = Res(ER;, p;)
P

so that (22) is satisfied by the solutions of (23). Moreover, by using (19) one finds that the
compatibility conditions for (23) are
d(ER)- O(ERj)- .
81/!]‘ 8u,~

ER;)_ J(ER;)_
g QER)- _ p DER).

0 i £ j. (24
o o i#j. (24

By taking into account that
N
7k Fi
(ERj)_ = _JRTR
! ; P = P

one sees that (24) represent a set of consistency conditions for the functions F;.
To sum up, if the functions R;(p, w) and F;(u) (i = 1,...N) satisfy (19) and (24), a
solution z = z(p, u) of (17) of the form

7= p + Z an(u) (25)

n
n>l1

determines an N-reduction of the dKP hierarchy. Indeed, from (14) and (25) we determine
S+(p) in terms of the coefficients a, (u) and then, by using the conditions (21) as N implicit
equations

N
——(p) + Fi(w) =0
p
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or, equivalently

o0
D v+ Fw) =0 vy =
n=1
we characterize a class of functions v = w(t) for which z = z(p, u(t)) admits an S-function.
Observe that the series

s =y

n
n>1 14

) (26)

can be recursively determined from (23). Consequently, z = z(p, u(t)) solves the equations
(1) of the dKP hierarchy. In view of the form of the implicit relations (26) these solutions will
henceforth be called hodograph solutions.

Obviously, the choice F; =0, i =1, ..., N correspondsto S_ = 0 of (23). On the other
hand, if (R;, F;),i =1, ..., N is a solution of the compatibility conditions (19) and (24) and
z = z(p, w) is the associated solution of (17), then, for every entire function P = P(z)

- aP
From B4 209 27)
ap P=Di
is a new solution of (24). The proof of this property follows from the fact that (17) implies
oP oP
ko — o
aui d
so that
dP(z)- dP(z)- aP
O Ripow = - (kg
ou; ap ap _

Hence, if S_ is the solution of (23) associated with F; then S_ := S_ — P(z)_ is the solution
of (23) associated with F';. It is easy to see that the transformation (27) describes translational
symmetries of the implicit relations (26)

w(t) ;= u(t+c) (28)
where ¢ := (cy, ¢, . ..) are the coefficients of the Taylor expansion of P

P@) =) .
n=0

In [15-19] inverse problem techniques are used to construct the S-functions for solving
the initial value problem of several dispersionless models. Our analysis provides an alternative
viewpoint for determining S which is based on the systems of differential equations (16) and
(23). Thus, § is characterized by a set of spectral data{p;(u), r;j(uw), F;(u) : 1 <1, j < N}.
Moreover, from (18) one finds that the compatibility conditions (19) and (24) are equivalent
to the following consistency conditions for the spectral data

Opx opx Fiitik = Til'jk
Bk, P Tl 7 Tl
duj u; = P
orie  Orjyi kit — TikT'ji
. Ou: :22 FRY) (29)
Uj Ui ,;ék (P — p1)
dFy Fjilik — Tl jk
Fip b — p—t = (Fr — F1)
T ou; Bu, ; (px — p1)?

where i # j. In this way the first two groups of equations of the system (29) characterize
the reductions of the dKP hierarchy, while the whole system determines the set of hodograph
solutions.
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2.2.1. Differential form formulation of (29): compatibility. The equations (29) can be neatly
written in terms of differential forms. For that aim we introduce the following notation
N
Ok = Z Fik du i
i=1
so that (29) are equivalent to

Pk + P
d(pror) = ok A ﬁ@l
12k Pk~ P
1
dor =201 A —_ 30
or = 20k ZZ = 22 (30)
#k
F.+ F;
d(Fo) =0k A TRl
12k Pk~ P

We shall show that for any solution { px, Fy, o} of (30) the following equations are satisfied
1

dlaxnY ———a|=0 31)
‘ #Zk(Pk_Pl)zl

+

dfony L0 =0 (32)
iz (P —p1)
Fy + F

dlanr) ——a]=0. (33)
iz (P —p)

It is enough to check (33), as (31) and (32) follow from it by choosing F; = 1/2 and
Fy, = px, respectively. One easily gets the desired result as follows:

F.+ F;
dlocn) ————=a | ==20cA D Sumor Aow =0.
o (px — P ik
The last equality is a consequence of the skew symmetry of the wedge product: g; A 9, =
—om A o and symmetry of the coefficient
(202 + pi+ PP =2+ p)pe) Fi (P +2p7 + = 2P1pk = 2pipm) Fi
(=p1+ p)* (P — P)* (P — P> (=pr+ pu)*(Pk — Pw)*(Pk — P1)?

Skim =

(p?+ Pt +2p2 — 2pkpm — 2p1Pm) Fin
(=p1+ pu)*(pk — pn)*(px — p1)?
given by Siim = Skmi-
The system (31)—(33) means that the system itself ensures the equality of cross-derivatives.
Thus, we conclude that the system (29) is compatible in the sense that
9 Ipx 0 Opx
ou,, duy - ou; ouy,
d 8r,~k d 8r,~k
u, Ou;  Ouy duyy
0 0F; 0 0F

oy, 0uy duy Oy,

holds in virtue of the equations (29).
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2.2.2. Bourlet analysis. Our first aim is to show that (29) has a number of redundant
equations. We shall concentrate on the equations

8p rjilixk — rl]r]k
if—— — Fif— = 34
", w, %; (34)
8F Viilik — ¥tk
rig— =1 ———Xj’ ’(ﬂ—@- (35)
ou I du; oy (px —
For each k we define s; € {1, ..., N} by the condition ry,; 7# 0 and rjy = 0 fori > s;. Then,
(34) imply
3 1 8 selTik — Tills, .
Pe— | 2y Tt Tk i # 5. (36)
aMi Vsik 8MS1< Ik Pk — DI

Moreover, (34) for i, j # sx holds whenever (36) is satisfied:

apr opr  Tik apr Z Tl jk — Vil sk

ik — — Tjk = jk
duj ou; Tsik dug, Pk — DI

Ik

Tk px Tsalik — Titlsk
ik — E _—
Tk Oug, Dk — D1
_ Z rjtVik — Vill jk

12k Pk — DI

Second, we notice that when 7y, 7 0, (35) implies

0 Fy 1 FsiVik — Till sk
= —_— (F, — F) i # Sg. 37
u;  ryx auvk l#zk (Pe — p1)? e ‘

As before (35) for i, j # s; holds whenever (37) is satisfied:

dF; 0 Fy Tik FsdVjk — TjiFsik
P — P = & j—_ZJAJ (R - F)
du dui  Tyk dus, = (e —po)
Vik 3Fk Vs 1Vik — Vills, k
ol K e B e R 0)
Tk s 2 (P — p1)
Fjilik — Fill jk
Ll L AP
o (P — p1)
Then, the system (29) is equivalent to
d 1 d Fe ik — Till"
Pk _ rik Pk Z sl Vik il sk i< s
u; sk dug, o p DI
opi 1 FoudTik — TilTs k .
= — = = i > 5
u; Tak iz Pk = Pi
o F; 1 Foudlik — Tillsgk .
- Sk (Fc — F) i<sc (38)
uj ok auvk Z (Pe — p)?

Ik
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0 Fy _ 1 Fsullik — rilrskk(Fk N P> s

u; Fsik 12 (pk — p1)?

orix _ orji +22 Tikril = Tikl'ji .y

ou du; por? (px — p1)?
for k=1,...,N. The system written in this form is of Bourlet type [21]. In this
sense (ul, ey Ug— 1, Ugl, U N_l) are principal variables for py, Fy while u,, are parametric
variables. For r;; we have that (uy, ..., u;—) are principal variables and (u;,...,uy) are

parametric variables. The compatibility in principal variables is ensured from the result of
the previous section which gives compatibility among all variables. To apply the Bourlet
theorem we should check the analytic character of the functions defining the system. We
see that once the conditions ryr # 0 and p;y # p; are ensured the analytic requirement
is satisfied. Following Bourlet, we conclude that there is a unique solution {py, Fi, rix}
in a neighbourhood of an initial point uy = (uﬁo) e uﬁg)) such that when the principal
variables assume initial values then the solution is transformed into a set of arbitrary analytic
functions of the corresponding parametric variables. Thus, the general solution will depend on
N (N + 1) arbitrary analytic functions of the parametric variables, 3N of one variable, and for

eachl/ =2,..., N — 1 there are N analytical functions of / variables.

3. Hodograph solutions and systems of hydrodynamic type

3.1. Associated systems of hydrodynamic type

The implicit equations (26) are transformations of hodograph type which reveal the presence
of an underlying system of HT equations. In fact from (17), provided z = z(p, w) is regular
at the points p;, it follows that

0z
—_ i) = O
ap(p)

so that (1) implies
N N

Zazi Buj_vl Zazi% i
du; 3t, " du; dx

J=1 J=1

WV
—_

where

zi i=z(pi, u(®)).
Thus, by expressing (%) in terms of the functions z;, we find that the functions w(#) satisfy
the system of equations of hydrodynamic type

u u
—:An(’u,)— I’lzl,...,N
ot, 0x

uj
u=|: An =K 'D,K (39)

Un

) 0z
D, = diag(vi,, - .., Unn) K;; = .
81/!]‘

Note that, by taking into account that vy; = 2 p;, from (39) we obtain the Gibbons—Kodama
formula [6]

A, =v,(A) A= Ay/2 (40)
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where v, (p) = % This result shows the particular relevance of the n = 2 flow (Benney
moment equations) in the analysis of reductions of the dKP hierarchy. Furthermore, by using
the HT equation u, = A(u)u, associated with the Benney moment equations we may rewrite
(1) forn = 2 as
§:<§:Aﬁ35~_pfk- 8z&n>§i£:0

au; du; Opouj;| ox

J i

Hence, if we assume that the functions d,u;, j =1, ..., N are independent, we conclude that
the functions R; in (16) and (17) can be expressed as
_1 9ay
Ri(p,w) = Z(A(u) P o) (41)

Therefore, the compatibihty condltlon (19) for the reductions of the dKP hierarchy can be
formulated in terms of the matrix A associated with the Benney system.
From (41) we deduce that
8Zk . 8611
aui Ik Iy = a—Zk .
Thus, the differential forms o are

N 9z¢ da
QkZ—Z k—ldl/liz—rdek.

i=1

In terms of the new coordinates {z;}_, the system (30) reads

Vi = —

87‘,‘ N rir;
0z; (pj — pi)?
opi 1
9z;  pj—Pi
IF; F;—F
= rj 72 .
0z; (pj —pi)
We note that according to (50)
F; 1 _pi 1 _1olnn

= = i #j. 42
o0z, F,— F, 0z, p,—pi 2 0z *J 42)
These relations provide a link between the system (29) and the theory of Comberscure
transformations of symmetric conjugate nets [22]. Thus, if we define

1 a JTiT —
Bij = \/__ 2_,311 i # ] (43)
NG (pi = pj)
then there exists a family of parallel conjugate nets @ = x(u) given by the solutions of
0
2 _HX, (44)
8z

where H; and X; (the Lamé and renormalized tangent vectors, respectively) are characterized

by the equations
0H,;

az; = BjiH; (45)
and
X,

Obviously, H; := ,/r; solves (45) and as a consequence one proves that (42) means that F; H;
and p; H; are also solutions of (45).
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3.2. Diagonal reductions
From (1) it follows that

32,‘ 32,‘
= — 47
o, (47)

vln

ax

so that z; = z;(u) constitute a set of Riemann invariants of the HT system (39). If we take
z = (z1(u), ..., zy(u)) as the new dependent variables of the N-reduction the associated HT
system is (47), so that the A-matrix for the Benney flow is A;; = p;§;;. Hence, by using (41)
we get that p = p(z, u(z)) satisfy

ap ri 0

- =20 (48)
0z; p — pi(2) 0z;

These equations were already found by Gibbons—Tsarev [8, 9] in their analysis of the
consistency conditions of reductions of the Benney moment equations in characteristic form.
Reciprocally, if we consider the reductions determined by systems of the form

ap ¥ . day

du; _p — pi(u) = ou;

(49)

then
0z _ ri(u) 9z
du;  p—pidp

so that z;(u) = z(p;, u) satisfies

0z;

92 _ o
o, I # ]

and therefore each u is a function of z; only. This means that the systems of the form (49)
determine those reductions of the dKP hierarchy in which u evolve according to diagonal HT
systems. Henceforth these reductions will be referred to as diagonal reductions. Since every
reduction is associated with an HT system which adopts a diagonal form under the change of
variables u — z, classifying diagonal reductions would allow us to classify the whole class
of reductions of the dKP hierarchy.

The compatibility conditions (29) for diagonal reductions and their corresponding
hodograph reductions read

Br,- - rirj

Ou (pj — pi)?

Ip; :

BR__1 (50)
auj Pj— Pi

dF; Fj—F

duj K (pj — pi)?
where i # j.

This is a compatible system of first-order differential equations with a solution depending
on 3N arbitrary functions of one variable. The first two groups of equations were found by
Gibbons and Tsarev [7, 8] in their analysis of the reductions of the Benney equations. We also
remark that the geometrical interpretation described above obviously holds here as well.
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4. Examples

4.1. N = I reductions

If only one function u = u(t) is assumed to be involved in the reduction and it is set u = —ay,
then (16) becomes Abel’s equation
a 1
P 51)
ou  p—piu)

and from (17) we get the following recursion relation for the coefficients of the expansion of
z=2z(p,u)

a = —u azz—/pl(u)du

/ /
a0 = p1(wa,,,, +may m =1

where a), := "’3‘1—; We can now use this expansion to generate solutions of the equations of the
dKP hierarchy. For instance, by setting 7, = 0, n > 4, in (26) we get the following implicit
equation for determining u

4 (pl(uf — 2up(u) — / pi(u) u) ta+3(p1(w)* — )ty +2p (W)t + x = —F (u) (52)

where p;(u#) and F(u) are arbitrary functions. For #4 = O this result reduces to Kodama’s
equation [10, 11] for N = 1 reductions of the dispersionless KP equation (5).

An explicit expression for the solution z = z(p, u) of (17) is available in a few cases only.
For instance

1. p1(u) = 0 (dKdV-reduction)
7= (p*— 2u)?.
2. pi(u) = uz

1
= <p3—3up—2u%)3.
3. pi(w)=u
z=1+W (" " (p—u—1)

where W = W (y) (Lambert function) is the inverse function of y = x e*.
4. pi(u) = u?

Z

3 | A (p) —ud,Ai(p)  .w
= — n — 1—
4i AP (p) —ud,Ai(p) 2

(€2

where Ai'™ are the Airy functions

Ai®) (p) := Bi(—p) £iAi(—p).

In what concerns the determination of S_ for p; = 0 we have that (23) is now

dS_(p) . 19S_(p) F
wu p dp  p
An explicit solution is given by

z(p,u) 1
S_(p,u) = —(/0 F (5@2 —z(p,u>2>) dq) .




Hodograph solutions of the dispersionless KP hierarchy 413

4.2. N = 2 reductions

Let us consider now the case © = (u, v) with u = —a,. From (41) we get
ap p—Axn
u  (p—A —Ap) — ApA
u (p 1) (p 2) 12421 (53)
p Ap
v (p—An)(p— An) — AnAxn
where A := (A;;(w)) is the 2 x 2 matrix function associated with the Benney flow. The

right-hand sides of (53) have simple poles at

Asi= b (A +V/ray =4 decd ).

In this case (19) leads to the following conditions:

d,det A 0, trA
Svdn = A1z <—au(u +detA)> =A <—au trA) : (3

The moments of z(p, u) are determined by the recursion relations

a) = —u a2=—/A11dl/l+A12dv

az = /(detA —u— A trA)ydu — Ap trAdv
Oulmsy = tr A 0,ap,+1 — det A 0,a,, + ma,, — (m — 1)Ax»a,
Oplmsr = tr A 0ya — det A 0pay, + (m — 1)Apa, .

If we denote

Fi(u) =

aS_(p) |
ap

then (24) reduces to
5 F,— F_
(p—Ap)d, E—Apd, E=(p”"—p trA—detA)d, | ——

A, —A_
where E is taken as

F,— F_ . A F_ —A_F,
Ay —A_ A, —A_
Thus, one finds at once that

3, F\ _ (3G
() =4 (5%): (55)

A_F, — A F_ F_—F
Fo=""-% "*- G =—".
Ay —A_ Ay —A_
Hence if A and Fy verify their corresponding consistency conditions and we sett, = 0, n > 4,
then a solution of the first flows of the dKP hierarchy can be found by solving the following

implicit equations for u:

E:=p

where

4 <A3i —2uAL — / Anu +A12v) th+3 (AL —u)t3+2A:t+x = —Fy. (56)

If 14 = 0 these equations are equivalent to the Kodama system for N = 2 reductions [10, 11]
—3u+detA)z+x =F

(57)
3trAt+26 =G.
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A particularly interesting case arises by imposing u = —a;, v = —ap which corresponds
to the choice
A= 0 ! V:i=A,A W:=A,+A
=\_v w = A A = A, _.
Thus one finds that (54) becomes
VvV +o,W=0
(58)
VvV —-VaW+WaoV+1=0.
Hence by setting
V=9,Z W=-0,Z
(58) can be formulated as a Monge—Ampere equation
OuuZ + 0, Z 0 Z — 0, Z 0,,Z+1=0. (59)
Analogously, (55) can be written as
F =0,T G =0,T
(60)
0T +V 0,,T +W 0,,T =0.
Next, we will construct some solutions of the dKP equation.
A solution of (58) and (60) is given by
2 2
W:—v V:v—2+cu2+u T = kiu + kov
u u
The corresponding hodograph solutions for (5) are given by
1
L 2 ) — — )2
u(x,y, t) = ot < 6t+\/36t +c[12t(x k1) — 2y —ky) ])
( 9 121 (x — ki) — 2y — k2)?
ux,y, =
Y 7212
which correspond to ¢ # 0 and ¢ = 0, respectively.
Another interesting solution of (58) and (60) is
2v v? v
u u u
It leads to a hodograph solution of (5) implicitly defined by the algebraic equation
72620 + 4(y? = 3tx)u® = k2.
4.3. N = 3 reductions
Let us now denote u = (u, v, w) and consider the system
ap p>+Bip+ B
ou  (p—A)(p— A)(p — A3z)
ap p+C
W (p—ANp—-A)N(p—A
v (p—AD(p — A)(p — Az) 1)
a]) D1

dw  (p—AD(p—A)(p— As)’
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As the computations in this case are very involved it is convenient to assume that («, v, w)
are given by the first coefficients of the expansion of p = p(z, uw)

u v w 0 1
p=z+—+—+—+ —
7z 2 73 P

thus we have
B =C,=-V B,=R+u D, =1
where
V =A1+ A+ A;
R = A1Ay + AyA3 + A3A,
H = A1AAs.
The compatibility conditions (19) can be formulated as
Vo = —Ry
R, = —H,+RV, — VR,
H,=1-VH,+HV,

(62)
V. = Hy,+uV,
Ru = VHw - HVw +MRw -2
H,= —-V+RH,— HR,+uH,.
Now, if we take S = S, (p) and 1, = 0, n > 4, then (21) implies
9S:(p)
2 = 4n(p — A)(p — A)(p — A3)
P , , (63)
=4t (p° — Vp "+ Rp — H).
On the other hand, as a; = —by = —u, ap = —b, = —v, we have
aS.
# =x+2py +3(p* — )t +4(p> — 2up — v)ty. (64)
P

Thus, by comparing (63) and (64) we find that the solutions for the first two members of the
dKP hierarchy can be obtained by solving the system
3t

y
4ty 2ty " v 4ty

(65)

For instance, by trying a function V of the form V = V (u, v) we find a solution of (62)
given by
V=kv+kwu+ks
R = ky+ (kaks — 2u + % (k3 — ki) u® + (kiks — kp)v + Skjv* — kyw + kikouv
Q B k_;) s 3kiky — k% - klk%l@
2 2k k%

kyu 1 2
H = kse™" + u — Eklkzv

k% koks ks 3k k§k3

k3 ki ki K k2

where ki, k, k3, k4, ks are arbitrary constants with k; # 0. Hence we have a solution of (5)
and (6) implicitly defined by the transcendent equation

kix — 2kikoy + 3kikat +4 (kiks + 3kika — k3 ) ta + (12kThoty — 3kit) u + 4k kstae* =0

+ (1 — kok3)v + kow — k%uv —
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and

In the particular case ks = 0 one finds
_ k%x — Zk%kzy + 3k1k§l +4 (k%k3 + 3k1ky — k%) 17

u 2
3ky kit — 4katy)

4.4. Diagonal reductions

We have seen above that the diagonal reductions
ap T . day

du  p—pi(w "
and their corresponding hodograph solutions are described by the compatible system of first-
order differential equations (50). In [8] Gibbons and Tsarev provide a set of solutions for the
first two subsystems of (50) which are both scaling and Galilean invariants. They are defined

by
ZZL%ijl pZIM,‘FZuI’j (66)
iz (Pi=p) A LI

Corresponding solutions of the third subsystem of (50) satisfying the invariance properties
oF; oF;
i = F —_— = 1
are determined by
1
Fi=u; + 5 Z(uj —u;)(F; — F)
J#i
Let us analyse the case N = 2 in closer detail. From (66) we may start with a scaling and
Galilean invariant choice for r; and p;

d1Inr;

T 67)

ri=—ry =g —u)

p1 = 3 Guy+uy) p2 = 1 (uy +3uy).
The conditions for F; become

oF, 0F, 1F—F

81/{2 - 81/!1 - 2u1—u2
which are equivalent to

AU
F, = i=1,2
814,'
92U U U
2(uy — us) = —

Qu duy  duy;  duy
The solution of the equation for U can be found by the method of separation of variables and
is a superposition of functions of the form

(a Jo(k(uy — u2)) +b Yo(k(u1 — uz))) (¢ cos(k(ui +uz)) +d sin(k(uy +uz)))

where Jy and Yy are the standard Bessel functions. We find also the simple solution

U =cIn(u; — uy) Fle=—F=—F

Uy —uz
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which leads to the hodograph relations

C
3(ECui+ua)* +ar) i3+ 3Guy +u)h +x =
Uy — Uy
&
3(&(ur +3u2)* +ar) 13+ 2wy +3u)ty +x = ———
uip — up
where
2
ar = 3¢ (u1 — u)’.
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